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In this paper we prove that for a sequence {Gi,r} of r-generator
Kleinian groups acting on R
n
, if {Gi,r} satisﬁes Condition A, then its
algebraic limit is also a Kleinian group. This generalizes themain re-
sult in [X.Wang, Algebraic convergence theorems of n-dimensional
Kleinian groups, Israel J. Math. 162 (2007) 221–233].
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1. Introduction
Let Möb(n) denote the n-dimensional sense-preserving Möbius group acting on R
n = Rn ∪ {∞},
which is the one-point compactiﬁcation of the n-dimensional Euclidean space. Consider a sequence
of subgroups {Gi,r} generated by r Möbius transformations, say gi,1, . . . , gi,r . If for each k ∈ {1, . . . , r}
the sequence {gi,k} converges to a Möbius transformation
gk = lim
i→∞ gi,k ,
then one says that {Gi,r} converges algebraically to the group G generated by g1, . . . , gr , or G is the
algebraic limit of the sequence {Gi,r}. This notion is also referred to as convergence on generators
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(cf. [6]). One of the basic questions about discrete subgroups of Möb(n) is to understand the limiting
behavior of sequences of Möbius groups, that is, when the algebraic limit of a sequence of discrete
groups is also discrete.
There are many discussions of algebraic convergence of Kleinian groups (cf. [2–7,9–12,15,16]). We
give a precise deﬁnition of the term Kleinian group in Section 2. For Kleinian groups in dimension
two, Jørgensen [5] proved that the algebraic limit of isomorphic Kleinian subgroups of Möb(2) is also
a Kleinian subgroup of Möb(2) by using his well-known inequality in 1976. This is a generalization of
results of Chuckrow [3] and Marden [10]. Without the isomorphic assumption, Jørgensen and Klein
[6] established the following theorem in 1982:
Theorem A. Suppose G is the algebraic limit of a sequence of r-generator Kleinian subgroups in Möb(2).
Then G is also a Kleinan group.
In higher dimensions, Martin ﬁrst observed that if the sequence {Gi} contains elliptic elements
whoseorders go to the inﬁnity as i → ∞, the limit groupcouldbenon-discrete. To control thebehavior
of elliptic elements, Martin in [11] introduced the uniformly bounded torsion condition and then
showed that the algebraic limit is Kleinian under it.
Theorem B. Suppose G is the algebraic limit of a sequence of r-generator Kleinian groups of Möb(n) of
uniformly bounded torsion. Then G is a Kleinan group.
Here a family of groups {Gi}i∈I has uniformly bounded torsion if there is an integer N > 0 with the
following property:
if g ∈ Gi for some i, then ord(g)N, or ord(g) = ∞,
where ord(f ) denotes the order of f .
At the end of Section 5 in [11], Martin asked “how one might weaken the hypothesis of uniformly
bounded torsion”.
Recently, Wang used EP-condition to replace the uniformly bounded torsion condition and proved
the following convergence theorem in [16].
Theorem C. Let G be the algebraic limit of a sequence {Gi,r} of r-generator Kleinian groups of Möb(n). If{Gi,r} satisﬁes EP-condition, then G is a Kleinan group.
Recall that a family of groups {Gi} satisﬁes EP-condition if both the following two conditions hold.
(1) for any sequence {fik}, fik ∈ Gik(∈ {Gi}), if card(ﬁx(fik)) = ∞, for each k, and fik → f as k → ∞,
where f is the identity map I or parabolic, then {fik} has uniformly bounded torsion;
(2) {Gi} satisﬁes Property A, that is, {Gi} contains no sequence {fik , gik} which satisﬁes that both
fik , gik ∈ Gik(∈ {Gi}) are elliptic and
ﬁx(fik) ∩ ﬁx(gik) = ∅, card(ﬁx(fik)) = card(ﬁx(gik)) = 2,
fik → I and gik → I as k → ∞.
In [4], Fang and Nai introduced the following Condition A to weaken Martin’s uniformly bounded
torsion condition.
Deﬁnition. A family of groups {Gi} satisﬁes Condition A if for any sequence {fik}, fik ∈ Gik(∈ {Gi}), with
card(ﬁx(fik)) = ∞ for each k, and fik → I as k → ∞, then {fik} has uniformly bounded torsion.
Note that if {gi} is a sequence of non-trivial Möbius transformations converging to the identity,
then the orders of gi converge to inﬁnity. Hence, we can equivalently state that a family of groups {Gi}
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satisﬁes Condition A if there is no sequence {fik}, fik ∈ Gik(∈ {Gi}) converging to the identity map, such
that card(ﬁx(fik)) = ∞ for each k.
It is obvious that only elliptic elements can have more than three ﬁxed points. This means that
Condition A also aims to control the behavior of sequences of elliptic elements. On the other hand, it
is easy to see that Condition A is weaker than EP-condition. The purpose of this paper is to generalize
Theorem C to the following:
Theorem D. Let G be the algebraic limit of a sequence {Gi,r} of r-generator Kleinian groups of Möb(n). If{Gi,r} satisﬁes Condition A, then G is a Kleinan group.
2. Main results
First we recall the classiﬁcation of non-trivial elements in the n-dimensional Möbius group. This
classiﬁcation can be found for example in [8, Chapter 4].
(i) f ∈Möb(n) is elliptic if its Poincaré’s extension has a ﬁxed point in Hn+1, where Ht denotes the
hyperbolic upper-half-space of dimension t; In particular, when n is odd, there exists an elliptic
elementwhich has exactly one ﬁxed point. This is equivalent to that the correspondingmatrix in
SO(n + 1, 1)hasn + 1non-trivial eigenvalues. Following [13, p. 21],we refer to such elements as
regular elliptic elements. Note that each elliptic element which is not a regular elliptic element
ﬁxes pointwise a proper hyperbolic subspace when n 2.
(ii) f ∈Möb(n) is parabolic if it has exactly one ﬁxed point in Rn;
(iii) f ∈Möb(n) is loxodromic if it has exactly two ﬁxed points in Rn.
Following [11], a subgroup G of Möb(n) is non-elementary if G contains two elements of inﬁnite
order with distinct ﬁxed points and which are not irrational rotations. Here f is an irrational rotation
means that f is elliptic of inﬁnite order, or equivalently, the cyclic group 〈f 〉 is non-discrete. Otherwise,
G is said to be elementary. Recall that discrete and elementary subgroup of Möb(n) is well understood
(cf. [11, p. 260]). For example, discrete elementary groups are virtually Abelian (i.e., contains an Abelian
subgroup of ﬁnite index), and can be classiﬁed to the following three types:
(i) G is said to be of elliptic type if G is ﬁnite and then all elements of G have a common ﬁxed point
in Hn+1;
(ii) G is of parabolic type if all elements ofG have a commonﬁxedpoint inR
n
and contains aparabolic
element;
(iii) G is called to be of loxodromic type if G leaves a two-point set in R
n
invariant and contains a
loxodromic element.
Throughout this paper, a Kleinian groupmeans a discrete and non-elementary subgroup ofMöb(n).
It is well-known that Kleinian groups satisfy the following generalized Jørgensen’s inequality [17,
Theorem 11].
Lemma 2.1. If 〈f , g〉 is a Kleinian subgroup of Möb(n), then
‖f − I‖ · ‖g − I‖ 1/32.
It is also known that a discrete and elementary group is a lattice in a nilpotent group with ﬁnitely many
components. In particular, the following lemma holds (cf. [9, p. 8]).
Lemma 2.2. A discrete and elementary group is ﬁnitely presented.
The next lemma shows that if the involved sequence of groups satisﬁes Condition A, then there is
no sequence of non-trivial elements converging to the identity map. Note that its proof is implicit in
the proof of Theorem 1.1 in [16].
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Lemma 2.3. Let G be the algebraic limit of a sequence {Gi,r} of r-generator Kleinian groups of Möb(n),
where n 3. If {Gi,r} satisﬁes Condition A, then there exists no sequence {gi( /= id) ∈ Gi,r}which converges
to the identity map.
Proof. Suppose for the contrary that there is a sequence {gi ∈ Gi,r}, such that gi → id. Denote the
generator set of {Gi,r} by {fi,1, . . . , fi,r}. Since {Gi,r} satisﬁes Condition A, the proof are divided into the
following three cases.
Case 1. We may assume that each gi is parabolic. Since gi → id, it follows that 〈gi, fi,k〉 is discrete
and elementary for large i by Lemma 2.1. Then fi,k also ﬁxes the same ﬁxed point of the parabolic gi,
which implies that the elements of all of the {Gi,r} have a common ﬁxed point. This contradicts that{Gi,r} is non-elementary.
Case 2. Suppose that each gi is loxodromic. Similar to Case 1, we can deduce that {Gi,r} has an
invariant two-point set when i is large. This is also a contradiction.
Case 3. If each gi is regular elliptic, then it is easy to see that the discrete and elementary group〈gi, fi,k〉 is either of elliptic type or of loxodromic type since any regular elliptic element has unique
ﬁxed point in the hyperbolic space. Furthermore, the latter case cannot occur, too. It is known that if
{gi} is a sequence of nontrivial elements converging to the identity, then the orders of gi converge to
inﬁnity (cf. [9, p. 7]). So wemay assume that the order of gi is greater than 3. As 〈gi, fi,k〉 is discrete and
elementary, gi must exchange the two points of its invariant set. Thus {g2i } is a sequence of non-trivial
elements which converges to the identity map with card(ﬁx(g2i )) = ∞. This is impossible because{Gi,r} satisﬁes Condition A. Now we can get a contradiction similarly as in Case 1, since 〈gi, fi,k〉 is of
elliptic type and then has a ﬁxed point. 
Now we are in the position to prove our main result.
Theorem 2.4. Let G be the algebraic limit of a sequence {Gi,r} of r-generator Kleinian groups of Möb(n),
where n 3. If {Gi,r} satisﬁes Condition A, then G is a Kleinan group.
Proof. We ﬁrst show that G is discrete. Otherwise, there is a sequence {hi} in G which converges to
the identity. Since G is the algebraic limit, for each i we can ﬁnd a non-trivial element gi ∈ Gi,r such
that ‖gi − hi‖ < 1/i. Obviously, gi → id. But this is impossible by Lemma 2.3.
Then we can show that G is non-elementary. Denote the generator set of Gi,r by {gi,1, . . . , gi,r},
and the limit map of gi,k by gk . Suppose that G is elementary for the contrary. Then we may assume
G = 〈g1, . . . , gr |R1, . . . , Rm〉 by Lemma 2.2. Here each Rk is a relation that can be expressed as words
in the generators g1, . . . , gr and their powers.
Construct an epimorphism ρi : G → Gi,r by sending the generators gk to the corresponding gi,k .
Furthermore, we can deduce that ρi is in fact an isomorphism for large i, because that ρi is injective is
equivalent to that ρi preserves relations, that is, if Rk is approximated by Ri,k , then Ri,k is also a relation
in Gi,r for large i by Lemma 2.3. Note that there are only ﬁnitely many relations.
Now we can easily get a contradiction from that ρi : G → Gi,r is an isomorphism, since G is
elementary and Gi,r is non-elementary (i.e., Gi,r contains a free subgroup of rank 2). 
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